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Abstract 

We study a new class of infinite-dimensional Lie algebras Woo (N+ , 7V_ ) generalizing 
the standard Woo algebra, viewed as a tensor operator algebra of SU(1, 1) in a group- 
theoretic framework. Here we interpret Woo , N~ ) either as an infinite continuation 
of the pseudo- unitary symmetry U(N + , N-), or as a "higher- U{Nj r , A_)-spin extension" 
of the diffeomorphism algebra diff(AT+, N-) of the N = N + + iV_ torus U(l) N . We high- 
light this higher-spin structure of Woa(N + , N-) by developing the representation theory 
of U(N+, N-) (discrete series), calculating higher-spin representations, coherent states 
and deriving Kahler structures on flag manifolds. They are essential ingredients to define 
operator symbols and to infer a geometric pathway between these generalized Woo sym- 
metries and algebras of symbols of U(N+, 7V_)-tensor operators. Classical limits (Pois- 
son brackets on flag manifolds) and quantum (Moyal) deformations are also discussed. 
As potential applications, we comment on the formulation of diffcomorphism-invariant 
gauge field theories, like gauge theories of higher-extended objects, and non-linear sigma 
models on flag manifolds. 
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1 Introduction 



The long sought-for unification of all interactions and exact solvability of (quantum) field theory 
and statistics parallels the quest for new symmetry principles. Symmetry is an essential resource 
when facing those two fundamental problems, either as a gauge guide principle or as a valuable 
classification tool. The representation theory of infinite-dimensional groups and algebras has not 
progressed very far, except for some important achievements in one and two dimensions (mainly 
Virasoro, Woo and Kac- Moody symmetries), and necessary breakthroughs in the subject remain 
to be carried out. The ultimate objective of this paper is to create a stepping stone to the 
development of a new class of infinite-dimensional symmetries, with potential useful applications 
in (quantum) field theory. 

The structure of the proposed infinite symmetries resembles the one of the so-called W 
algebras. In the last decade, a large body of literature has been devoted to the study of W- 
algebras, and the subject still continues to be fruitful. These algebras were first introduced 
as higher-conformal-spin s > 2 extensions of the Virasoro algebra (s = 2) through the 
operator product expansion of the stress-energy tensor and primary fields in two-dimensional 
conformal field theory. W- algebras have been widely used in two-dimensional physics, mainly 
in condensed matter, integrable models (Korteweg-de Vries, Toda), phase transitions in two 
dimensions, stringy black holes and, at a more fundamental level, as the underlying gauge 
symmetry of two-dimensional gravity models generalizing the Virasoro gauged symmetry in the 
light-cone discovered by Polyakov ^2 by adding spin s > 2 currents (see e.g. [Sj and [3J for 
a review). Only when all (s — > oo) conformal spins s > 2 are considered, the algebra (denoted 
by Woo) is proven to be of Lie type; moreover, currents of spin s = 1 can also be included jBj, 
thus leading to the Lie algebra Wi+oo> which plays a determining role in the classification of 
all universality classes of incompressible quantum fluids and the identification of the quantum 
numbers of the excitations in the quantum Hall effect [Jj . 

The process of elucidating the mathematical structure underlying W algebras has led to 
various directions. Geometric approaches identify the classical (h — > 0) limit Woo of Woo algebras 
with area-preserving (symplectic) diffeomorphism algebras of two dimensional surfaces jSJ 
These algebras possess a Poisson structure, and it is a current topic of great activity to recover the 
"quantum commutator" [■, •] from (Moyal-like) deformations of the Poisson bracket {•,•}. There 
is a group-theoretic structure underlying these quantum deformations J01> according to which 
Woo algebras are just particular members of a one-parameter family Woo(c) of non-isomorphic 

I12j infinite-dimensional Lie-algebras of SU (1,1) tensor operators (when "extended beyond 
the wedge" ^U] or "analytically continued" J3]). The (field-theoretic) connection with the 
theory of higher-spin gauge fields in (1+1)- and (2+l)-dimensional anti-de Sitter space AdS 
[iniEEIllEl —homogeneous spaces of 50(1,2) ~ SU(1, 1) and 50(2,2) ~ SU(1, 1) x SU(1, 1), 
respectively — is then apparent within this group-theoretical context. Also, the relationship 
between area-preserving diffeomorphisms and Woo algebras emerges naturally in this group- 
theoretic picture; indeed, it is well known that coadjoint orbits of any semisimple Lie group like 
SU(1, 1) ~ SL(2, R) (cone and hyperboloid of one and two sheets) naturally define a symplectic 
manifold, and the symplectic structure inherited from the group can be used to yield a Poisson 
bracket, which leads to a geometrical approach to quantization. From an algebraic point of view, 
the Poisson bracket is the classical limit of the quantum commutator of "covariant symbols" 
(see next Section). However, the essence of the full quantum algebra is captured in a classical 
construction by extending the Poisson bracket to Moyal-like brackets. In particular, one can 
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reformulate the (cumbersome) problem of calculating commutators of tensor operators of su(l, 1) 
in terms of (easier to perform) Moyal (deformed) brackets of polynomial functions on coadjoint 
orbits O of SU(1, 1). A further simplification, that we shall use, then consists of taking advantage 
of the standard oscillator realization Q of the semisimple Lie algebra generators and replacing 
non-canonical 1|12|) by Heisenberg brackets (|48l) . 

Going from three-dimensional algebras su{2) and su(l, 1) to higher-dimensional pseudo- 
unitary algebras su(N + , N-) entails non-trivial problems. Actually, the classification and la- 
belling of tensor operators of Lie groups other than SU(1, 1) and 577(2) is not an easy task in 
general. In the letter ^Hj; the author put forth an infinite set Woo(N + , iV_) of tensor operators 
of U(N + , AL) and calculated the structure constants of this quantum associative operator alge- 
bra by taking advantage of the oscillator realization of the U(N+, N-) Lie-algebra, in terms of 
iV = N+ + iV_ boson operators [see Eq. (jlj)], and by using Moyal brackets. Operator labelling 
coincides here with the standard Gel'fand-Weyl pattern for vectors in the carrier space of unir- 
reps of U(N) (see later on Sec. 15.2)1 . Later on, the particular case of Woo(2, 2) was identified in 
|17j with a four-dimensional analogue of the Virasoro algebra, i.e. an infinite extension ("promo- 
tion or analytic continuation" in the sense of ) of the finite-dimensional conformal symmetry 
SU(2,2) ~ 50(4,2) in 3+1D. Also, Woo(2, 2) was interpreted as a higher-conformal-spin ex- 
tension of the diffeomorphism algebra diff(4) of vector fields on a 4-dimensional manifold (just 
as Woo is a higher-spin extension of the Virasoro diff(l) algebra), thus constituting a potential 
gauge guide principle towards the formulation of of induced conformal gravities ( Wess-Zumino- 
Witten-like models) in realistic dimensions ^SI- F° r completeness, let as say that Woo-algebras 
also appear as central extensions of the algebra of (pseudo-)differential operators on the circle 
|19j . and higher-dimensional analogues have been constructed in that context j^OJ; however, we 
do not find a clear connection with our construction. 

In this article the aim is to infer a concrete pathway between these natural (algebraic) 
generalizations Woo (N + , N- ) of Woo > an d infinite higher-spin algebras of U {N+ , iV_ ) operator 
symbols, using the coherent-state machinery and tools of geometric and Berezin quantization. 
In order to justify the view of Woo(^V+,-?V-) as a "higher-spin algebra" of U(N + , iV_), we shall 
develop the representation theory of U(N+, iV_), calculating arbitrary-spin coherent states and 
deriving Kahler structures on flag manifolds, which are essential ingredients to define operator 
symbols, star-products and to compute the leading order (H — ► 0, or large quantum numbers) 
structure constants of star-commutators in terms of Poisson brackets on the flag space. Actually, 
the structure constants calculated in JH] were restricted to a class of irreducible representations 
given by oscillator representations. Here we show how to deal with the general case. 

Throughout the paper, we shall discuss either classical limits of quantum structures (Poisson 
brackets from star-commutators) or quantum deformations of classical objects (Moyal deforma- 
tions of oscillator algebras) . 

We believe this paper touches a wide range of different algebraic and geometric structures 
of importance in Physics and Mathematics. Our main objective is to describe them and to 
propose interconnections between them. Therefore, except for Section [2 which summarizes 
some basic definitions and theorems found in the literature, we have rather preferred to follow 
a fairly descriptive approach throughout the paper. Perhaps pure Mathematicians will miss the 
"Theorem-Proof" procedure to present some of the particular results of this work, but I hope 
our plan will make the presentation more dynamic and will result in greater dissemination of 
the underlying ideas and methods. 

The organization of the paper is as follows. Firstly we set the general context of our problem 
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and remind some basic theorems and notions on the representation theory of Lie groups (in 
particular, we focus on pseudo-unitary groups) and geometric structures derived from it. In Sec. 
|3]we exemplify the previous structural information with the case of three-dimensional underlying 
algebras su{2) and su(l, 1), their tensor operator algebras, classical limits, Lie-Poisson structures 
and their relevance in large- N matrix models (and relativistic membranes) and Wn+w invariant 
theories. In Sec. 0] we extend these constructions to general pseudo-unitary groups and we 
show how to build "generalized Woo algebras" Woo(N + , N-) and to compute their quantum 
(Moyal) deformations yV 00 (N+, iV_) through oscillator realizations of the u(N + , iV_) Lie algebra. 
Then, in Sec. El we introduce a local complex parametrization of the coset representatives 
SU(N)/U(1) N = Fjv-i (hag space), we construct coherent states and derive Kahler structures 
on flag manifolds. They are essential ingredients to discuss symbolic calculus on flag manifolds, 
and to highlight the higher-spin structure of the algebra Woo(N + , N-). In Section H3 we make 
some comments on the potential role of these infinite-dimensional algebras as residual gauge 
symmetries of extended objects ("A r (A r — l)-branes Fat_i") in the light-cone gauge, and formulate 
non-linear sigma models on flag manifolds. Last Section is devoted to conclusions and outlook. 



2 The group-theoretical backdrop 



Let us start by fixing notation and reminding some definitions and results on group, tensor 
operator, Poisson-Lie algebras, coherent states and symbols of a Lie group G; in particular, we 
shall focus on pseudo-unitary groups: 



G = U(N + ,N_) = {g£ M NxN (C) / gAg^ = A}, N = N + + N_, 
that is, groups of complex N x N matrices g that leave invariant the indefinite metric A 



1) 



diag(l, . .+.,1,-1, .r.,— 1). The Lie- algebra Q is generated by the step operators X, 

g = u(N + ,N_) = {xP, with (XP)» = HS»JP}, 
(we introduce the Planck constant h for convenience) with commutation relations: 

> = h(5 a ^ X^ — S a ^ X^ ) . 



(3) 



There is a standard oscillator realization of these step operators in terms of N boson operator 
variables (a/ a ,a^), given by: 



£0 



Mil, a,p = l,...N, 



(4) 



which reproduces © (we use the metric A to raise and lower indices). Thus, for unitary irre- 
ducible representations of U(N + , N_) we have the conjugation relation: 



(If )t = A^A„ 



(5) 



(sum over doubly occurring indices is understood unless otherwise stated). Sometimes it will be 
more convenient to use the generators X a p = A a ^Xp instead of Xa, for which the conjugation 

relation Q is simply written as X^ a = Xp a , and the commutation relations (jHJ) adopt the form: 



A Ql /3 2 ^a 2 /3i)- 



(6) 



The oscillator realization Q of u(N+, )-generators will be suitable for our purposes later on. 
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Definition 2.1. Let Q® be the tensor algebra over Q, and Z the ideal of Q® generated by 
[X,Y] — (X (g) Y — Y X) where X ,Y € Q. The universal enveloping algebra U{Q) is the 
quotient Q® /T. 

[From now on we shall drop the ® symbol in writing tensor products] 

Theorem 2.2. (Poincare-Birkhoff-Witt) The monomials » . . ■ X^ n g , with ki > 0, form a 
basis ofU{Q). 

Casimir operators are especial elements of U{Q), which commute with everything. There are N 
Casimir operators for U(N + , N-), which are written as polynomials of degree 1, 2, . . . , N of step 
operators as follows: 

C\ = X%, Ci = X@Xp, C3 = X^XjX^, ... (7) 

The universal enveloping algebra U{Q) decomposes into factor or quotient Lie algebras W C (G) 
as follows: 

Theorem 2.3. Let 

N 

i c = J\{c a -h a c a )u{g) 

a=l 

be the ideal generated by the Casimir operators C a . The quotient W C (G) = U{Q)/T C is a Lie 
algebra (roughly speaking, this quotient means that we replace C a by the complex c-number 
C a = h a c a whenever it appears in the commutators of elements ofU{Q)). We shall refer to 
W C (G) as a c-tensor operator algebra. 

According to Burnside's theorem for some critical values c a = Ca \ the infinite-dimensional 
Lie algebra W c (0) "collapses" to a finite-dimensional one. In a more formal language: 

Theorem 2.4. (Burnside) When c a ,a = 1,...,N coincide with the eigenvalues of C a in a 
d c - dimensional irrep D c of G, there exists an ideal x C W C (G) such that Y\) c (Q)/x = sl(d c ,C), 
or su(d c ), by taking a compact real form of the complex Lie algebra. 

Another interesting structure related to the previous one is the group C* -algebra C*(G) [in 
order to avoid some technical difficulties, let us restrict ourselves to the compact G case in the 
next discussion]: 

Definition 2.5. Let C°°{G) be the set of analytic complex functions ^ on G , 

C°°(G) = {* :G^C, g ^tf( 5 )}. (8) 

The group algebra C*(G) is a C* -algebra with an invariant associative *-product (convolution 
product): 

[ d L gt>(g)V{g- l .g'), (9) 
Jg 

(g • g' denotes the composition group law and d L g stands for the left Haar measure) and an 
involution ^>*{g) = ^>(g~ l ). 
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The conjugate space R(G) of C°°(G) consists of all generalized functions with compact 
supports. The space Mq(G) of all regular Borel measures with compact support is a subspace 
of R(G). The set R(G,H) of all generalized functions on G with compact supports contained 
in a subgroup H also forms a subspace of R(G). The following theorem (see [U) reveals a 
connection between R(G, {e}) [e € G denotes the identity element] and the enveloping algebra: 

Theorem 2.6. (L. Schwartz) The algebra R(G, {e}) is isomorphic to the enveloping algebra 

U(G). 

This isomorphism is apparent when we realize the Lie algebra Q by left invariant vector fields 
X L on G and consider the mapping : Q — > R(G),X i— ► defined by the formula 

($*|*> = (X L *)(e), V* e C°°(G), (10) 

where ($1*) = f G d L g^(g)^>(g) denotes a scalar product and (X L ^)(e) means the action of 
X L on $ restricted to the identity element e £ G. One can also verify the relation 

* . . . * ^Jtt) = (If . . . X^)(e), V* e C°°(G), (11) 

between star products in and tensor products in U{Q): 

Let us comment now on the geometric counterpart of the previous algebraic structures, by 
using the language of geometric quantization. 

The classical limit of the convolution commutator [vf, = * vp' — * $ corresponds to 
the Poisson-Lie bracket 

i d^ij) dip f 
{ip^'}p L {g) = lim Tat*,* ](fl) = ^Aaa/JiSaift, - A^^^a) t t (12) 

between smooth functions ip 6 C°°(£/*) on the coalgebra £/*, where x a p,a, (3 = 1,...,N denote 
a coordinate system in the coalgebra Q* = u(N + , N-)* ~ IR^ 2 , seen as a iV 2 -dimensional vector 
space. The "quantization map" relating \& and is symbolically given by the expression: 

where g = exp(X) = exp(x a ^X a s) is an element of G and = a pQ a P is an element of Q* . 

The constraints C Q (x) = C a = h a c a defined by the Casimir operators (J7| (written in terms 
of the coordinates x a p instead of X a a) induce a foliation 

g*~{Jo c (14) 

c 

of the coalgebra Q* into leaves ©c*: coadjoint orbits, algebraic (flag) manifolds (see later on Sec. 
EJ). This foliation is the (classical) analogue of the (quantum) standard Peter- Weyl decomposition 
(see [22]) of the group algebra C*(G): 

Theorem 2.7. (Peter-Weyl) Let G be a compact Lie group. The group algebra C*(G) decom- 
poses, 

C*(G)^0W c (£), (15) 

ceG 

into factor algebras W C (G), where G denotes the space of all (equivalence classes of) irreducible 
representations of G of dimension d c . 
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The leaves Oc admit a symplectic structure (Oc,fic), where f^c denotes a closed 2-form (a 
Kahler form), which can be obtained from a Kahler potential Kc as: 

0, c (z, z) = - * Kc ^ ^ dz a/3 A dz av = VC? ,au (z, z)dz a p A dz au , (16) 

OZ a f30Z al/ 

where z a p, a > (3 denotes a system of complex coordinates in Oc* (see later on Sec. 15.1)1 . 

After the foliation of C°°(G*) into Poisson algebras C°°(Oc), the Poisson bracket induced 
on the leaves Oc becomes: 

W,«p(M) = E ^m*M ^}*' Z) *l!t M =E/M<(,,,-), (17) 

The structure constants for (fT7|) can be obtained through the scalar product /^(c) = {^{{ipf , i^^p), 
with integration measure (|18jl . when the set {V'nl i s chosen to be orthonormal. 

To each function ip £ C°°(Oc), one can assign its Hamiltonian vector field = {vp, -}p, 
which is divergence-free and preserves de natural volume form 

f") 

d K (z,z) = (-l)\ 2 /injfz.z), 2n = dim(O c ). (18) 

In general, any vector field H obeying L#f2 = (with Lh = ih °d + doi H the Lie derivative) 
is called locally Hamiltonian. The space LHam(O) of locally Hamiltonian vector fields is a 
subalgebra of the algebra sdiff (O) of symplectic (volume-preserving) diffeomorphisms of O, and 
the space Ham(O) of Hamiltonian vector fields is an ideal of LHam(O). The two-dimensional 
case dim(O) = 2 is special because sdiff (O) = LHam(O), and the quotient LHam(0)/Ham(0) 
can be identified with the first de-Rham cohomology class i/ 1 (0,R) of O via H i— > ifffl. 

Poisson and symplectic diffeomorphism algebras of Oc + = S 2 and Oc_ = S ' (the sphere 
and the hyperboloid) appear as the classical limit [small h and large (conformal-)spin c± = 
s(s ± 1), so that the curvature radius C± = h 2 c± remains finite]: 



lim W c Jsu(2)) ~ C°°(S 2 ) ~ sdiff(5 2 ) ~ su(oo), (19) 

C_|_ — *oo ' 

h-*o 

lim Wc_(«u(l,l)) ^ C 00 ^ 1 ' 1 ) ~ sdiff(S 1 ' 1 ) ~ su(oo,oo) 

C_ — ''OO 

of factor algebras of SU{2) and SU(1, 1), respectively (see [T^lIT^ ).t 

Let us clarify the classical limits (|19JI by making use of the operator (covariant) symbols |24j : 

L c {z,z) = (cz\L\cz), L G W C (G), (20) 

constructed as the mean value of an operator L € W C (G) in the coherent state \cz) (see later on 
Sec. 15.21 for more details). Using the resolution of unity: 

/ \cu)(cu\dfic(u, u) = 1 (21) 

Joe 

tr The approximation sdiff (/a 2 ) ~ sw(oo) is still not well understood and additional work should be done towards 
its satisfactory formulation. In |23| the approach to approximate sdiff(S' 2 ) and sdiff(T 2 ) by linijv^oo su(N) was 
studied and a weak uniqueness theorem was proved; however, whether choices of sets of basis functions on spaces 
with different topologies do in fact correspond to distinct algebras deserves more careful study. 



7 



for coherent states, one can define the so called star multiplication of symbols L\ * L 2 as the 
symbol of the product L1L2 of two operators L\ and L 2 : 

{L c l *L c 2 )(z,z) = {cz\LiL 2 \cz)= [ L\ (z, u)L c 2 (u, z)e~ s ^ u) dfi c (u, u), (22) 
where we introduce the non-diagonal symbols 

(cz\L\cu) 

L c (z,u)= Vi \ 23 
\cz\cu) 

and s 2 (z, u) = — In |(c2:|c«)| 2 can be interpreted as the square of the distance between the points 
z,u on the coadjoint orbit Oc- Using general properties of coherent states it can be easily 
seen that s 2 (z, u) > tends to infinity with c — > 00, if z 7^ u, and equals zero if z = u. Thus, one 
can conclude that, in that limit, the domain u ~ z gives only a contribution to the integral (|22j) . 
Decomposing the integrand near the point u = z and going to the integration over w = u — z, 
it can be seen that the Poisson bracket ()17|) provides the first order approximation to the star 
commutator for large quantum numbers c (small h); that is: 

LI* L c 2 - L% *Ll = i {Ll,L c 2 } p + 0(l/c a ), (24) 

i.e. the quantities l/c a ~ h a (inverse Casimir eigenvalues) play the role of the Planck constant 
h, and one uses that ds 2 c = VL^P ,CTV dz a ijdz av (Hermitian Riemannian metric on Oc)- We address 
the reader to Sec. El for more details. 

Before going to the general SU(N+,N-) case, let us discuss the two well known examples 
of 517(2) and 517(1,1). 

3 Tensor operator algebras of SU{2) and 577(1,1) 

3.1 Tensor operator algebras of £77(2) and large-iV matrix models 

Let Jj , i = 1,2, 3 be three N x N hermitian matrices with commutation relations: 



f(N) f(N) 



ihe ijk jl N \ (25) 



that is, a A^-dimensional irreducible representation of the angular momentum algebra su(2). 
The Casimir operator C 2 = (J^) 2 = h 2 ^-I N x at is a multiple of the N x N identity matrix 
I. The factor algebra Wn(su(2)) is generated by the 5C/(2)-tensor operators: 

i fe = l,2,3 

k=l,...,I 

where the upper index I = 1, . . . , N — 1 is the spin label, m = —I, . . . , I is the third component 
and the complex coefficients j are the components of a symmetric and traceless tensor. 
According to Burnside's theorem 12.41 the factor algebra WV(sii(2)) is isomorphic to su(N). 
Thus, the commutation relations: 

Ti(N),fJ(N)\ = fmnK( N )T[ K (N) (27) 
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are those of the su(N) Lie algebra, where f^nK^) symbolize the structure constants which, 
for the Racah-Wigner basis of tensor operators can be written in terms of Clebsch-Gordan 
and (generalized) 6j-symbols |2*71 ITTTl ITH| . 

The formal limit N — > oo of the commutation relations Q27|) coincides with the Poisson 
bracket 

(yl yJ\ _ 1 ( dY m dY n dY m dY n \ _ f IJl (rtC \yK foo\ 

between spherical harmonics 

i fc =l,2,3 

k=l,...,I 

which are defined in a similar way to tensor operators (|2tij). but replacing the angular momentum 
operators by the coordinates x = (cos (/? sin sin sin cos 1 !?), i.e. its covariant symbols 
(|2T)|) . Indeed, the large- iV structure constants can be calculated through the scalar product (see 

lim f^ K {N) = f I n £ K {^) = (Y l K \{Y^YJ} P ) 

N— >oo 

s 2 

The set of Hamiltonian vector fields = {Y^,-j close the algebra sdiff(5 2 ) of area- 
preserving diffeomorphisms of the sphere, which can be identified with stt(oo) in the ("weak 
convergence") sense of (23] -see Eq. (fTTJ|l. This fact was used in j23 to approximate the 
residual gauge symmetry sdiff(5 2 ) of the relativistic spherical membrane by su(N) |jv— »oo- There 
is an intriguing connection between this theory and the quantum mechanics of space constant 
("vacuum configurations") SU(N) Yang-Mills potentials 

N 2 -l 

M x )j = J2 A fa)(f»)j> f a = fi(N),a = l,...,N 2 -l (30) 

a=l 

in the limit of "large number of colours" (large- N). Indeed, the low-energy limit of the SU (oo) 
Yang-Mills action 



d 4 x(F^(x)|F^(x)), 
F„„ = d^A v -d v A^ + {A^A v } P , (31) 
A^x;#,p>) = E4 m (*) y ™(^), 

I,m 

described by space-constant SU(oo) vector potentials X^t; i9, p) = A^r, 0; y>), turns out to 
reproduce the dynamics of the relativistic spherical membrane (see |28j). Moreover, space-time 
constant SU(oo) vector potentials X^fijp) = A^(0;i}, ip) lead to the Schild action density for 
(null) strings j2nj; the argument that the internal symmetry space of the U(oo) pure Yang-Mills 
theory must be a functional space, actually the space of configurations of a string, was pointed 
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out in Ref. [3U]. Replacing the Sdiff(S 2 )-gauge invariant theory (|3*T|) by a SU (iV)-gauge invariant 
theory with vector potentials ()30|) then provides a form of regularization. 

We shall see later in Sec. 16.11 how actions for relativistic symplectic p-branes (higher- 
dimensional coadjoint orbits) can be defined for general (pseudo-)unitary groups in a similar 
way. 

3.2 Tensor operator algebras of SU(1,1) and Wn+)oo symmetry 

As already stated in the introduction, W algebras were first introduced as higher-conformal-spin 
(s > 2) extensions [I] of the Virasoro algebra (s = 2) through the operator product expansion 
of the stress-energy tensor and primary fields in two-dimensional conformal field theory. Only 
when all (s — > oo) conformal spins are considered, the algebra (denoted by Woo) is proven to be 
of Lie type. 

Their classical limit w proves to have a space-time origin as (symplectic) diffeomorphism 
algebras and Poisson algebras of functions on symplectic manifolds. For example, wi+oo is related 
to the algebra of area-preserving diffeomorphisms of the cylinder. Actually, let us choose the next 
set of classical functions of the bosonic (harmonic oscillator) variables a(a) = -j^(q±ip) = pe^ 
(we are using mass and frequency m = 1 = u, for simplicity): 



j -\ n \ = 2\ aa r '-'u-'-' = y 



+ \n\ = 2^ uu > ' '« ' ' - 2/- - foo\ 



where n € Z; I £ Z + . A straightforward calculation from the basic Poisson bracket {a, a} = i 
provides the following formal Poisson algebra: 



of functions L on a two-dimensional phase space (see (H^)- As a distinguished subalgebra of 
(|3*3l we have the set: 

su(l, 1) = {L = L\ = ^aa, L+ = L\ = ^a 2 , L_ = L x _ x = ^a 2 }, (34) 

which provides an oscillator realization of the su(l,l) Lie algebra generators L±,Lq, in terms 
of a single bosonic variable, with commutation relations (|40j) . With this notation, the functions 
™ (EH) can a l so be written as: 

4 |m| = 2 / - 1 (L ) / -H(L ± )H. (35) 

This expression will be generalized for arbitrary U(N+,N-) groups in Eq. 1)44(1 . 

Following on the analysis of distinguished subalgebras of (|33|) . we have the "wedge" subal- 
gebra 

w A = {L 1 ^ I-\m\> 0} (36) 

of polynomial functions of the sl(2, R) generators Lq, L±, which can be formally extended beyond 
the wedge I — \m\ > by considering functions on the punctured complex plane with I > and 
arbitrary m. To the last set belong the (conformal-spin-2) generators L n = L\, n 6 Z, which 
close the Virasoro algebra without central extension, 

{L m ,L n } = i(n - m)L m+n , (37) 
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L m , which close the non-extended Abelian Kac- 



(38) 

I + 1 and "conformal- 



and the (conformal -spin-1) generators (f)^ 
Moody algebra, 

{4>m,4>n} = 0. 

In general, the higher-su(l, l)-spin fields have "conformal-spin" s 
dimension" n (the eigenvalue of Lq). 

w-algebras have been used as the underlying gauge symmetry of two-dimensional gravity 
models, and induced actions for these "^-gravities" have been written (see for example They 
turn out to be constrained Wess-Zumino-Witten models [32]) as happens with standard induced 
gravity. The quantization procedure deforms the classical algebra w to the quantum algebra 
W due to the presence of anomalies — deformations of Moyal type of Poisson and symplectic- 
diffeomorphism algebras caused essentially by normal order ambiguities (see bellow). Also, 
generalizing the SL(2, R) Kac-Moody hidden symmetry of Polyakov's induced gravity, there are 
<SX(oo,R) and GL(oo,R) Kac-Moody hidden symmetries for Woo and Wi+oo gravities, respec- 
tively [HHj. Moreover, as already mentioned, the symmetry Wi+oo appears to be useful in the 
classification of universality classes in the fractional quantum Hall effect. 

The group-theoretic structure underlying these W algebras was elucidated in ^01 , where Woo 
and Wi+oo appeared to be distinct members (c = and c = —1/4 cases, respectively) of the 
one-parameter family Woo (c) of non- isomorphic |11| 11 2 j infinite-dimensional factor Lie-algebras 
of the SU(1, 1) tensor operators: 



x 



L 



=F> 



L 



=F> ■ 



L 



I— \m\ times 

£j-M£M +0(ft)j 



(ad £ J J -l-l 



(39) 



when extended beyond the wedge I — m > 0. The generators L + = Xi2,L. 
{X22 — X\\)/2, fulfil the standard su(l, 1) Lie-algebra commutation relations: 



X21 , Lq 



l±,l 



±hL± 



2hLn 



(40) 



and C = (Lq) 2 — ^(L + L^ + L_L + ) is the Casimir operator of su(l, 1). The structure constants 
for W c (su(l, 1)) can be written in terms of sZ(2,R) Clebsch-Gordan coefficients and generalized 
(Wigner) 6j'-symbols jlUI I13j . and they have the general form: 



J I f u 



(41) 



r=0 



where I 



f 



denotes a central generator and the central charges Qi(n;c) provide for the 
existence of central extensions. For example, Qi(n;c) = ^(n 3 — n) reproduces the typical 
central extension in the Virasoro sector 1=1, and Qj(n;c) supplies central charges to all 
conformal-spins s = I + 1. Quantum deformations of the polynomial or "wedge" subalgebra 
(|36|) do not introduce true central extensions. The inclusion of central terms in (|41|) requires 
the formal extension of l)36|) beyond the wedge I — \m\ > (see |1U|'). that is, the consideration 
of non-polynomial functions (|35|) on the Cartan generator Lq. 

Central charges provide the essential ingredient required to construct invariant geometric 
action functionals on coadjoint orbits of the corresponding groups. When applied to Virasoro 



11 



and W algebras, they lead to Wess-Zumino-Witten models for induced conformal gravities in 
1 + 1 dimensions (see e.g. Ref. 32 J. Also, local and non-local versions of the Toda systems 
emerge, as integrable dynamical systems, from a one-parameter family of ("quantum tori Lie") 
subalgebras of 5/(00) (see HSJ. Infinite-dimensional analogues of rigid tops are discussed in [31] 
too; some of these systems give rise to "quantized" (magneto) hydrodynamic equations of an 
ideal fluid on a torus. 

The leading order (0(h), r = 0) structure constants /m"^(0;c) = Jm — In in (|41|) reproduce 
the classical structure constants in ()3*3*)) . It is also precisely for the specific values of c = and 
c = — \ (Woo and Wi+oo, respectively) that the sequence of higher-order terms on the right-hand 
side of (|41|) turns out to be zero whenever I + J — 2r < 2 and I + J — 2r < 1, respectively. 
Therefore, Woo (resp. W1+00) can be consistently truncated to a closed algebra containing only 
those generators with positive conformal-spins s = I + 1 > 2 (resp. s = I + 1 > 1). 

The higher-order terms (0(h 3 ), r > 1) can be captured in a classical construction by extend- 
ing the Poisson bracket (|33jl to the Moyal bracket 

r=0 ^ r >' 

where L-kL 1 = exp(|P)(L, V) is an invariant associative -k-product and 

with x = (a, a) and T = f ^ ) ^ 6 S6 ^ ^~ > °^ , ^ J '^ ~ ^ ' ^ e or< ^ mar y (commutative) 

product of functions. Indeed, Moyal brackets where identified in [3^1 as the primary quantum 
deformation Woo of the classical algebra Wqo of area-preserving diffeomorphisms of the cylinder. 
Also, the oscillator realization in 1)32)1 of the su(l, 1) Lie-algebra generators L±,Lq in terms of 
a single boson (a, a) is related to the the "symplecton" algebra Woo(— 3/16) of Biedenharn and 
Louck and the higher-spin algebra hs(2) of Vasiliev |15j . 



4 Extending the previous constructions to U(N + , N-) 
4.1 Generalized algebras 

The generalization of previous constructions to arbitrary unitary groups proves to be quite 
unwieldy, and a canonical classification of £7(A r )-tensor operators has, so far, been proven to 
exist only for £7(2) and £7(3) (see |26| and references therein). Tensor labelling is provided in 
these cases by the Gel'fand-Weyl pattern for vectors in the carrier space of unitary irreducible 
representations of U(N) (see later on Sec. 15.2(1 . 

In the letter jTB], a set of U(N + , iV_)-tensor operators was put forward and the Lie-algebra 
structure constants, for the particular case of the oscillator realization (|4"|). were calculated 
through Moyal bracket (see later on Sec. 14. 3|) . The chosen set of operators in the universal 
enveloping algebra U(u(N + , iV_)) was a natural generalization of the su(l, l)-tensor operators 
of Eq. 1)35 Jl. where now Lq is be replaced by N Cartan generators X aa , a = 1,...,N, and L + , 
L_ are replaced by N(N — l)/2 "rising" generators X a p,a < j3 and N(N — l)/2 "lowering" 
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generators X a /3,a > /3, respectively. The explicit form of these operators is: 



L 1 



\,n\ 



I a~CE/3 >a l m c/3l+E/3< a l m /3c*l)/2 



a</3 



a a</3 



(44) 



The upper (generalized spin) index I = (Ji, . . . , Ijy) of L in (|44j) represents now a iV-dimensional 
vector, which is taken to lie on a half-integral lattice I a G N/2; the lower index ("third compo- 
nent") m symbolizes now an integral upper-triangular N x N matrix, 



m 



( mn mi 3 
m 23 




V 



m 1N \ 

ni2N 
m 3N 







,m Q/3 G 



(45) 



/ 



NxN 



and |m| means absolute value of all its entries. Thus, the operators are labelled by N + 
N(N — l)/2 = Af(Af + l)/2 indices, in the same way as wave functions V'm hi the carrier space 
of unirreps of U(N) (see Sec. 15.2(1 . We shall not restrict ourselves to polynomial ("wedge") 
subalgebras 

W A (N + ,N-) = {L^, I a -(^| mQ/3 | + ^| m/3Q |)/2GN} (46) 

/3>« /3<a 

and we shall consider "extensions beyond the wedge" (|46[) [to use the same nomenclature as the 
authors of Ref. in the context of W algebras]; that is, we shall let the upper indices I a take 
arbitrary half-integer values I a G N/2. This way, we are giving the possibility of true central 
extensions to the Lie algebra (|4*7j) .^ 

The manifest expression of the structure constants / for the commutators 



fi fj 

J ■ LJ n 



fi fJ 



fjfi 



fIJl T 

JrnnK^l 



K 



(47) 



of a pair of operators (|44jl entails a cumbersome and awkward computation, because of inherent 
ordering problems. However, the essence of the full "quantum" algebra (|47|) can be still captured 
in a classical construction by extending the Poisson-Lie bracket (|12|) of a pair of functions 
L^, L J n on the commuting coordinates x a p to its deformed version, in the sense of Ref. POJ. To 
perform calculations with (|12() is still rather complicated because of non-canonical brackets for 
the generating elements x a n. A way out to this technical problem is to make use of the classical 
analogue of the standard oscillator realization, x a p = a a ap, of the generators of u(N+,N-), and 
replace the Poisson-Lie bracket (|12j) by the standard Poisson bracket 



{L I m ,L J n }=iA l 



a8 



J 



dL m dL n 



da n da 



P 



dap da a 



(48) 



'This claim deserves more careful study. So far, it is just an extrapolation of what happens to Woo, Virasoro 
and Kac-Moody algebras, where Laurent (and not Taylor or polynomial) expansions provide couples of conjugated 
variables (positive and negative modes). 
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for the Heisenberg-Weyl algebra {a a ,ap} = ik a ,p- Although it is clear that, in general, both 
algebras are not isomorphic, the difference entails a minor ordering problem, as we are going 
to show now. Moreover, the bracket (|48|) has the advantage that simplifies calculations and 
expressions greatly. Indeed, it is not difficult to compute (|48[) which, after some algebraic 
manipulations, gives: 

{Li, L J n ) = iA af3 (I a np - Jam^L 1 ^- 5 *, (49) 

where 

(3>a fi<a 

defines the components of a iV-dimensional integral vector linked to the integral upper-triangular 
matrix m in 1)451) . and 

6 a = &,..., 6%) (51) 

is a ^-dimensional vector with the a th entry equal to one and zero elsewhere. There is a clear 
resemblance between the algebra (|33|) and (|49|). although the last one is far richer, as we 
shall show in Section FOl We shall refer to 1)49)1 as Woo ( N + , AL ) , or "generalized u>oo'\ algebra. 

Let us see more carefully what we miss by replacing the Poisson-Lie bracket (|12|) with the 
standard Poisson bracket (|48|) . First we note that the change of variable x a p = a a ap in 

, , dL dL' dL dL' 

A a f3 



da a dap dap da a 
dx ai p 1 dL dx a2f 3 2 dL' dx otl p 1 dL dx a2 p 2 dL' 



da a dxa. x $ x dap dx a2 p 2 dap dx ai p 1 da a dx a2 p 2 

I r« ^L g dL' g dL _ dL' 

A a p a ai Sp 1 ^——a/ 32 SP 2 -—— - ap^ — — a a2 5p 



dx~T 02 a2 dx~T ~ ft Ql dx~T 2 p2 doTT 

UJj ot\p\ KJ - Xj aipi UuV a\Pi KJ j^ OL2 p 2 

dL dL' 

\A a2 p 1 X ai p 2 ~~ A ai p 2 X a2 p 1 ) — 7j i (52) 

OX ai p 1 OX OL2 p 2 

is not one-to-one, as we have TV 2 (real) coordinates x a p and 2N (real) coordinates a a ,ap. 
Also, the Poisson algebra 1)48)1 does not distinguish between polynomials like x ai p 1 x a2 p 2 and 
x ai p 2 x ct2 p 1 , which admit the same form when written in terms of the commuting oscillator vari- 
ables a a ,ap as x a p = a a ap. That is, non-zero combinations like x ai p 1 x ce2 p 2 — x ai p 2 x a2 p 1 behave 
as zero under Poisson brackets 1)48)1 . Nevertheless, this is a minor ordering problem because we 
can see that "null-type" polynomials like: 

^oi/3i«2/32 = ^Vii /if] J'(\2.32 •^ai/32^'a2/9i (53) 

generate ideals of the algebra C°°(Q*) of smooth functions L on the coalgebra Q*. Indeed, it 
suffices to realize that the Poisson-Lie bracket between a generic monomial x a p and a null-type 
polynomial Q53)) gives a combination of null-type polynomials, that is: 

{•^api ^ai/3i 0.2^2 ipL ^A ai pX a p lCt2 p 2 iA a p 1 X ai p a2 p 2 ~i~ 

iA a2 

/3 x ai(3ia(32 iA a p 2 X ai p lCt2 p, (54) 

and similarly for general null-type polynomials of higher degree. Thus, we can say that the 
standard Poisson algebra Q48I49J1 is a subalgebra of the quotient C°°(Q*)/1 of C°°(Q*) [with 
Poisson-Lie bracket 1)12)1 ] by the ideal X generated by null-type polynomials. 
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This approximation captures the essence of the full algebra and will be enough for our 
purposes. We shall give in Sec. [S] the main guidelines to deal with the general case (general 
representations) . 

Before discussing quantum (Moyal) deformations of (|49|1 , let us recognize some of its relevant 
subalgebras. 



4.2 Distinguished subalgebras of u> 00 (iV + , N_) 

There are many possible ways of embedding the u(N + , N-) generators © inside ()49|) . as there 
are also many possible choices of su(l, 1) inside (|33j) . However, a "canonical" choice is: 

max(tt,.3) - J 

X a/ 3 = -ihL 5 e a ai3 , e af 3 = sign(/3 - a) ^ e^ a+1 , (55) 

cr=min(a,/3) 

where 5 a is defined in (JBT|) and e a ,a+i denotes an upper-triangular matrix with the (a, a + 1)- 
entry equal to one and zero elsewhere, that is (eo-^+i) Ml/ = <5<t,/^o-+i,i/ (we set e aa = 0). For 
example, the u(l, 1) Lie-algebra generators correspond to: 



X 12 = -ihL {1 / 0) x , X 2i = -ihL { Y ] 

1 o i y / o -i 

J ^ 

In = -ihL { )' 0) x , X 22 = -ihL {0 / 1} 

' V / 

j 



(56) 



Letting the lower-index m = in (|55[) run over arbitrary integral upper-triangular matrices 
m, we arrive to the following infinite-dimensional algebra (as can be seen from l)49jl ): 

{^m ,Ln\ = —i(mP L„ +n — n a L^ +n ) , (57) 

which we shall denote by (N + , iV_ ) . Reference ^3] a ls° considered infinite continuations of 
the particular finite-dimensional symmetries 50(1,2) and SO(3, 2), as an "analytic continua- 
tion" , i.e. an extension (or "revocation" , to use their own expression) of the region of definition 
of the Lie-algebra generators' labels. It is easy to see that, for u(l, 1), the "analytic continuation" 
(f5T|) leads to two Virasoro sectors: L mi2 = Lm°\ L mi2 = Lm' 1 ^. Its 3+1 dimensional counterpart 
w^(2,2) contains four non-commuting Virasoro-like sectors w^*\2,2) = {Lf%}, a = 1,...,4 
which, in their turn, hold three genuine Virasoro sectors for m = ku a p, k & Z, a < /3 = 2, . . . , 4, 
where u a p denotes an upper-triangular matrix with components {u a p)^ u = 5 a ^5p tU . In general, 
w^c! (N + , N-) contains N(N — 1) distinct and non-commuting Virasoro sectors, 

yiafi j = _ iAa a sign{(3 _ a){k _ 1)V W) yW) ^ ^ (58) 

and holds u(N+, iV_) as the maximal finite- dimensional subalgebra. 

The algebra w^} (N±, N-) can be seen as the minimal infinite continuation of u(N+, iV_) 
representing the diffeomorphism algebra diff(A^) of the iV-torus U(l) N . Indeed, the algebra ()57|) 
formally coincides with the algebra of vector fields = f(y)-^-, where y = {yi, ■ ■ ■ ,Vn) 
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denotes a local system of coordinates and f(y) can be expanded in a plane wave basis, such that 
Lt 

m 

EH, 



L^t = e %maya -rj^- constitutes a basis of vector fields for the so called generalized Witt algebra 



T a 7-/3 



i{ m ^L a M -n a L^ +ri ), (59) 



of which there are studies about its representations (see e.g. [SSI)- Note that, for us, the 
A-dimensional lattice vector fn = (mi,...,mjv) in Q5U[) is, by construction, constrained to 
^2a=i m a = (i- e - ^rn * s divergence free), which introduces some novelties in (JBT|) as regards the 
Witt algebra (|59|). Actually, the algebra (|57jl can be split into one "temporal" piece, constituted 
by an Abelian ideal generated by = A aa L^, and a "residual" symmetry generated by the 
spatial diffeomorphisms 

V m = Ajjlfy - A j+ i j + iL^ +1 , j = 1, . . . , N - 1 (no sum on j) , (60) 

which act semi-directly on the temporal part. More precisely, the commutation relations l)57|) 
in this new basis adopt the following form: 



| "mi J-'n J 

| ^mi n I 
ffJV fiVl 



in 3 L* +n , (61) 
0, 



where mj, = — m-fc+i- Only for N = 2, the last commutator admits a central extension 
of the form ~ fii2<5 m +n,o compatible with the rest of commutation relations ()61|) . This result 
amounts to the fact that the (unconstrained) diffeomorphism algebra diff(./V) does not admit 
any non-trivial central extension except when N = 1 (see (23 )• 

Another important point is in order here. The expression (|55|) reveals an embedding of the Lie 
algebra u(N + ,N_) inside the diffeomorphism algebra diff(A + , Af_) with commutation relations 
(|57|) . That is, this new way of labelling u(A + ,A_) generators provides an straightforward 
"analytic continuation" from u(N + ,N_) to diff(A + , A_). 

As well as the U U(N + , AL)-spin 1 = 5^ currents" (diffeomorphisms) L„ in (|57|) . one can 
also introduce "higher- U ( N + , N_) -spin I currents" (in a sense similar to that of Fief . |14j ) 
by letting the upper-index / run over an arbitrary half-integral A-dimensional lattice. Diffeo- 
morphisms Lm act semi-directly on "u(A + , A_)-spin J currents" L J n as follows (see Eq. (|49)0 : 

{L 5 ^,L J n } = -iK^J a m p L J ^- 5a + in»L J m+n . (62) 

Note that this action leaves stable Casimir quantum numbers like the trace Y2a=i ^ a [Casimir 
C\ eigenvalue (J7J)]. This higher-spin structure of the algebra w O0 (N + , AL) will be justified and 
highlighted in Section |SJ where higher-spin representations of pseudo-unitary groups will be 
explicitly calculated. 

4.3 Quantum (Moyal) deformations 

As it happens with Ti^-algebras, the quantization procedure, which entails unavoidable renor- 
malizations (mainly due to ordering problems), must deform the classical (h — > 0) "generalized 
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Woo" algebra Woo(N + , iV_) in (|4*§|) to a quantum algebra Woc(N+, N-), by adding higher-order 
(Moyal-type) terms and central extensions like in (|41|). There is basically only one possible 
deformation Woo(N + , N_) of the bracket (|48|) — corresponding to a full symmetrization — that 
fulfils the Jacobi identities (see Ref. jSH]), which is the Moyal bracket (|42I43|) . where now 



T 



A 
-A 



is a 2N x 2N symplectic matrix. The calculation of higher-order terms in (|42j) is an arduous 
task, but the result can be summed up as follows: 

{^m, L J n } M = jr 2(|) 2r+1 f£::SZ£ (I, m; J, n)L^^ , (63) 

r=0 

where the higher-order structure constants 

2r+l 2r+1 
fZ:Zltl (I, rn; J, n) = ^ {2r ^ 1 _ £)m U (I, -™)T% (J, n) (64) 

are expressed in terms of the factors 

lt(/,m) jW + (-1)^-^/2, (65) 
which are defined through the vectors ((ST))) and U(N + , AL)-spins 

£ 6£, /(°)=/^ 1 )^/, (66) 

with 



i=0(s-£-l)£+l 



(67) 



if ^ < s 

1 if £ > s 

the Heaviside function. For example, for r = 0, the leading order (classical, h — > 0) structure 
constants are: 

f«(I,m;J,n) = A^(T° a (I, -m)T° g (J, n) - (J, -m)rj (J, n)) 

= A a/3 ((/ Q - m a /2){J B + rip/2) - (I a + mj2){J p - n p /2)), (68) 

which, after simplification, coincides with ()49|) . 

We have rephrased our previous (hard) problem of computing the commutators (j47|) of the 
tensor operators (|44[) in terms of (more easy) Moyal brackets of functions on the coalgebra 
u(N + ,N_)* [up to quotients by the ideals I generated by "null-type" polynomials like (|53|)]. 
Nevertheless, Moyal bracket captures the essence of more general deformations, which may 
include central extensions like 
= / fJ 



J i T 

J J -'n 



hA a P(J a mp - I a n p )L^- & - + 0(/i 3 ) 

+ ^-i / -+ J «)Q / (m)<5 / - J <Wn,oI, (69) 
with central charges Qi(m) for all U(N+, A^_)-spin / currents L^. Note that, the structure of 
this central extension implies that the modes and L I _ m are conjugated, a fact inherited from 
the conjugation relation X^g = Xp a after (JSJ) and the definition (fill) of L^. An exhaustive study 

of this central extensions is in progress. Note that the diffeomorphism subalgebra w2s (N+ , N-) 
remains unaltered by Moyal deformations. 
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5 Towards a geometrical interpretation of VVoo(iV + , N _) 



In this Section we want to highlight the higher-spin structure of Woo (iV+ , ./V_ ) . To justify this 
view, we shall develop the representation theory of U(N+, AL) (discrete series), calculating 
higher-spin representations, coherent states and deriving Kahler structures on flag manifolds, 
which are essential ingredients to define operator symbols. 



5.1 Complex coordinates on flag manifolds 



Although we shall restrict ourselves to the compact SU(N) case in the following general dis- 
cussion, most of the results are easily extrapolated to the non-compact SU(N + , N-) case. 
Actually, we shall exemplify our construction with the (3+l)-dimensional conformal group 
S77(2,2) = 50(4,2). 

In order to put coordinates on G = SU(N), the ideal choice is the Bruhat decomposition 
|4U| for the coset space (flag manifold) F = G/T, where we denote T = ^(l)^ -1 the maximal 
torus. We shall introduce a local complex parametrization of F by means of the isomorphism 
G/T = G c /B, where G = SL(N, C) is the complexification of G, and B is the Borel subgroup of 
upper triangular matrices. In one direction, the element [g]x G G/T is mapped to [g\B G G /B. 
For example, for G = S'C/(4) we have: 



[g] 



Ui 

( till 

"21 
"31 



U-2 
Ul2 
U22 
"32 
"42 



"3 
"13 
U23 
U33 
"43 



where 



Z21 



Z32 



Z43 



U21 

Ull 

"n"32 



Z31 



__ U31 
"12"31 



Z41 



Z42 

Ul\U22 — 1*12^21 

Ul3 («21«42 - "22^41 ) 



U 1 

U24 
U34 

n 44 / 



U41 

UIIU42 



Ifj] 



B 



1 1 

221 
231 
\^41 



22 



1 

Z32 
Z42 



Z3 




1 

Z43 



Z4 





1 



\ 



(70) 



U12U41 



U11U22 - U12U21 

U23{uilU42 ~ U12W41) + 1*43 (^111*22 ~ ^12«2l) 



(71) 



U13(U21U32 ~ U22U31) - U 2 3(uiiU 3 2 ~ «12«3l) + U 33 (unU 2 2 ~ "121*21 ) ' 

provides a complex coordinatization {z a p,a > (3 = 1,2,3} of nearly all of the 6-dimensional 
flag manifold F3 = SU(4)/U(l)' i , missing only a lower-dimensional subspace; indeed, these 
coordinates are defined where the denominators are non-zero. In general, each flag Fjy_i is 
covered by AM patches, related to the elements of the Weyl group of G: the symmetric group 
Sn of A^ elements. A complete atlas of coordinate charts is obtained by moving this coordinate 
patch around by means of left multiplication with the Weyl group representatives (see e.g. |42j ) . 
We shall restrict ourselves to the largest Bruhat cell (|7Uj). 

In the other direction, i.e. from G /B to G/T, one uses the Iwasawa decomposition: any 
element g c G G c may be factorized as g c = gb, g G G, b € B in a unique fashion, up to torus 
elements t G T (the Cartan subgroup of diagonal matrices t = diag(ii, t^/ti, £3/^2 > • • • , 1/ijV-l)); 
which coordinates t a can be calculated as the arguments t a = (A Q (g r )/A Q ,(g , )) 1/ ' 2 of the a- upper 
principal minors A a of g G G. For example, for SU(£) we have: 

ti=\^\ l \t2=( U ^- U ^ \'\ (72) 



un 



UIIU22 - U12U21 



18 



*3 



1/2 

U 13 (u 2 lU 32 - U22U31) - U 2 3(u U U32 ~ UlgUgl) + ^33(^11""22 ~ ^12^2l) \ 
U1 3 (U21U 32 ~ U22U31) ~ U 2 3(unU32 ~ «12«3l) + «33(^11«22 ~ «12«2l) 



The Iwasawa decomposition in this case may be proved by means of the Gram-Schmidt ortonor- 
malization process: regard any g c = [g]g € G c [like the one in (|7U|)] as a juxtaposition of N 
column vectors [z\, 22, ... , 2jv). Then one obtains orthogonal vectors {v a } in the usual way: 



(Zg,V a -l) 



J a-l 



(Zg,Vl) , 

(v[,v[) Vl 



(A«««,<)) 



1/2' 



(73) 



^ u Vj3 v denotes a scalar product with metric A. At this 



(not sum on a) where 

point, it should be noted that the previous procedure can be straightforwardly extended to the 
non-compact case G = SU(N+,N-) just by considering the indefinite metric A = diag(l,^+ 
, 1, —1, —1). Using a relativistic notation, we may say that the vectors v%,..., vm + are "space- 
like" [that is, (v a ,vp) = 1] whereas vn + +i, ■ ■ ■ ,vn are "time-like" [i.e, (v a ,vp) = —1]; this ensures 
that vAv> = A. For example, for SU(2, 2), the explicit expression of (j73|) proves to be: 



Vl 



|Ai| 



V3 



where 



I A, 



/ 1 \ 



1 

221 
Z31 

V «41 J 
( 



( 



V2 



I Ail! As 



lAsllAa 



-^21 + 2 32 Z31 + 2 42 2 4 i \ 
1 + Z 32 Z21^31 - ^31^31 + ^42^21^41 ~ ^41^41 
232 + ^32^21^21 - ^21^31 + ^42^31^41 ~ Z32241Z41 
\ 2 42 + Z42Z21Z2I ~ Z42Z31Z3I ~ Z21Z41 + Z32Z31Z4I ) 

[-Z32Z21 ~ Z42Z43Z2I + Z31 ~ Z42Z42Z3I 
+Z32Z42Z43Z3I + ^32^42^41 + ^43^41 ~ ^32^32^43^4l] 
232 + ^42^43 - 242^42^21^31 + ^32 ^42 243^21^31 - 242Z43Z31Z31 + Z 42 Z 31 Z41 

+ Z32Z42Z21Z41 ~ Z32Z32Z43Z21Z41 + 232243231 ?41 - Z32241Z41] 
[1 - Z 4 2^42 + Z32242243 - 2 42 Z4222l221 + 232242Z43221221 - 242Z43221231 

+242^21241 + 242Z21Z4I - 232^43221241 + 243Z31Z41 - Z41241] 
232242 + 243 - 232232Z43 + ^32242221221 - 232Z32243Z21221 + 2 3 2^4322l2 3 l 
\ -242221231 + 232Z43221231 - 243Z31Z31 - Z 32 22l2 4 i + Z31Z41] 

242221 + 232243Z21 - Z43Z31 + Z41 ^ 
242 - 232243 



-243 
1 



(74) 



/ 



|Ai(2,z)| 

|A 2 (^,2)| 
|A 3 (2,2)| 



221 



1 231 



241 



(75) 



■s/l + |z 32 2 4 i - 2 42 2 3 i [ 2 



1 232 I 



1 242 I 



|Z 32 Z21 - Z3l| 



1 242 221 - 241 1 



243 



\Z42 — 243 Z32\ 



U4I + Z43Z32221 - 242Z21 - 243Z31I 2 



are the moduli of the a = 1, 2, 3 upper principal minors A a (^) of g £ G. These "characteristic 
lengths" will play a central role in what follows. 

Any (peudo-) unitary matrix g € G in the present patch (which contains the identity element 
z = = z, t = 1) can be written in minimal coordinates g = (z a /3, z a p,tp), a > j3 = 1, . . . , N — 1, 
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as the product g = vt of an element v of the base (flag) F times an element t of the fibre 
T = U{l) N ~ 1 . 

Once we have the expression of a general G group element g = (g 1 , . . . ,g N _1 ) in terms of 
the minimal coordinates g = (z a p, z a p, tp),a > (3 = 1,...,N— 1, we can easily write the group 
law g" = g' • g and compute the left- and right-invariant vector fields 



Xf(g)^£ h j (g)^, C){g) 




The algebraic correspondence between right-invariant vector fields and the step operators ©, 
with commutation relations ©, is: 

X ? a /3 ~^ X a /3, X^^Xpa, -> Xpp - Xp + i t p +1 , a>/3 = l,...,N-l. (77) 

5.2 Higher-spin representations, coherent states and Kahler structures on 
flag manifolds 

In this Section we shall compute the unitary irreducible representations of G and we shall 
construct coherent states and geometric structures attached to them. Let us start by considering 
the (finite) left regular representation [L 9 = ^(g^ 1 • g 1 ) of the group G on complex 

functions $ on G [remember Eq. (JHJ)]. This representation is highly reducible. The reduction 
can be achieved through a complete set of finite right restrictions or "polarization equations" 
(in the language of geometric quantization |43|): 

[R g y}(g') = H>(g' .g) = D c (g)^(g'), V 9 eP,V 9 'eG, (78) 

which impose that ^ must transform according to a given (Abelian) representation D c (with 
index c) of a certain maximal proper subgroup P C G ("polarization subgroup"). The Lie 
algebra V of P is called a "first-order polarization" , which formal definition could be stated as 

Definition 5.1. A first-order polarization is a proper subalgebra V of the Lie algebra Q of G, 
realized in terms of left- invariant vector fields X L [the infinitesimal generators of finite right 
translations \78\ )J. It must satisfy a maximality condition in order to define an irreducible 
representation of G. 

Hence, at the Lie algebra level, the polarization equations (|78jl acquire the form of a system 
of non- homogeneous first-order partial differential equations :§ 

Xft = CjVfa) , VXf G V (79) 

where c denotes a one-dimensional representation (character) of the polarization subalgebra 
V, c(X[) = c;,VX 4 L € V. That is, c is the infinitesimal character associated to D c in (|78j) . 
Notice that since the representation is one-dimensional, the character c vanishes on the derived 
subalgebra [P,V] of V, i.e. c([X i L ,X J L ]) = 0,VX/',X J L G V. This means that the character 

§ This procedure for obtaining irreducible representations resembles Mackey's induction method, except for the 
fact that it can be extended to "higher-order polarizations": subalgebras p HO of the (left) universal enveloping 
algebra U(Q) which also satisfy a maximality condition in order to define an irreducible representation (see e.g. 
[41) for more details) 
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c can be non-zero only on the quotient V/[V,V], which is an Abelian algebra. For our case, 
the first-order polarization subalgebra V is generated by the following (N — 1 + N(N — l)/2) 
left-invariant vector fields 

V = {X t L fiJ X^a>(3 = l,...,N-l). 



N-l 



Then, the quotient V '/[V,V] coincides here with the Abelian Cartan subalgebra T = u(l) 
Therefore, denoting by c(Xf) = -2Sp,VXh G T the non-zero characters or "G-spin labels", 
the solution to the polarization equations (|79l) . 

vL ^ _ 9 Q \I/ I 

x £ *~= o H * S{9) = Ws ^M^ ( 8 °) 

can be arranged as the product of a highest-weight vector Ws ("vacuum"), which is a particular 
solution of Xh 1 ® = —2Sp^ and can be written as a product of upper principal minors: 

N-l 

W s {g)^ J] (M9)) 2S \ (81) 
&=\ 

times an anti-holomorphic function 3>(z), which can be written as an analytic power series, with 
complex coefficients a^, on its arguments z a p, 

s^E^ntetfr*"- (82) 

m a>/3 

The index m denotes an integral upper-triangular N x N matrix [see (|45|l]. The range of the 
entries m a p,a < (3 = 2,...,N depends on the set of G-spin indices {Sp}g~^, which label 
particular G-spin S irreducible representations of G on the Hilbert space TCs(G) of polarized 
wave functions l|8()|). 

The sign of the SU(N + , iV_)-spin indices Sp depends on the (non-)compact character of the 
corresponding simple roots: the ones whose generators X a p fulfil /3 = a + 1. With this notation, 
all the roots (a/3) are of compact type except for (a/3) = (N + ,N + + 1). This fact implies that 
Sp € Z + /2 except for Sn+ £ Z~/2. Indeed, with this choice of sign we guarantee: a) the 
finiteness of the scalar product (^|^) = f G d L g^(g)^(g), which Haar measure has the form: 

N-l N-l 
d L g = Yl \Ap(z,z)\ 4 /\ t/dtp /\ dz a p A dz a p, (83) 

13=1 13=1 a>(3 

[where we have used that det(£j (g)) -1 = n^Tj 1 (A^z, z)) 4 ^ 1 ] and b) the unitarity of the 

representation [L g /^](g) = ty(g' 1 • g) of G. We can still keep track of the extra U(l) quantum 
number S N that differentiates U(N) ~ (SU(N) x U(1))/Z N from SU(N) representations. The 
U(N) wave functions 1 3r depend on an extra [/(l)-factor (i7v)~ 25jv 5 tjy E U(l) in the vacuum 
wave function Ws in (|82jl. where the relation between the f/(-/V)-spin labels 7 = (Ji, . . . ,In) of 
Eq. 6U) and the S£/(A0 x [/(l)-spin labels S = {Sx,. ,S N ) is: S/3 = Ip-Ip +1 ,0 = 1,...,N-1 
and Sat = Sa=l^« [* ne Casimir Gi (trace) eigenvalue]. 
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The basic wave functions VE^G?) = Ws(g) Yia>/3( z al3) mi3a °f ^-s{G) are eigenfunctions of the 

X t *tt* = (2^ + m/3 - m/j+i)**, (84) 



right-invariant differential operators Xf- (Cartan generators): 



where mp is defined in (|5U|): notice that the eigenvalue (2,Sg + — m^+i) of can also be 
written as 2(T ( l(S,rn) — r^ +1 (5, m)), where T%(S,m) is one of the characteristic factors (jBE)) 
that appears in the power expansion of the structure constants (|64j) of the algebra The 
lowering operators Z a p = annihilate the vacuum vector \I/q = Ws- The rest of vectors 

L'mid) °f the HUbert space Tts(G) can be obtained through the orbit of the vacuum under the 
action of rising operators Z^ a/3 = Xf~ : 

L S m {g) = [J (zi^Ws(g), m af3 € N. (85) 

a>/3 

Notice that the way of labelling the enveloping algebra operators (|44|) and base vectors 
in the carrier space Tis(G) of irreducible representations of G coincides: the upper G-spin 
index S is an integral vector and the lower index ("third component") m is an integral upper- 
triangular matrix). Negative modes ^_i m i i n jBt would correspond to the complex conjugate 
(holomorphic) vectors L_ m = L^. We shall give later on Equation (|91|) the explicit expression 
of the orbit J-~o = {L g ^Q,g € G} of the vacuum vector 'I'q = Ws under the finite left action of 
the group G. 

Denote (Sg\^) = ^ s (g) and (ty\Sg) = ty s (g). The coherent state overlap or "reproducing 
kernel" As(g,g') = (Sg \ Sg') can be calculated by inserting the resolution of unity 

l=5^|Xm>(Xm| (86) 

m 

given by an orthonormal basis {|x m )} of Tls(G). The explicit expression of this overlap in terms 
of upper-minors An, /3 = 1, . . . ,N — 1, of g = (t, z, z) G G turns out to be: 

A [g,g ) =2^X m {g)X m {g) = Jl , A , , _., 4 g- • (87) 

™ ^ |A^(z',z)| 4 ^ 

This reproducing kernel satisfies the integral equation of a projector operator 

A s (g,g") = J A s (g,g')A s (g',g")d L g' (88) 
and the propagator equation: 

^ S (g)= [ d L g'A s (g,g')* s (g'), (89) 
Jg 



where we have used the resolution of unity 

1= [ d L g \Sg) (Sg\. 
Jg 



(90) 
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Given a vector 7 £ TLs{G) (for example the vacuum = (SglO)) the set of vectors in the 

orbit of 7 under G, = {jg = L g ~/,g G G}, is called a family of covariant CS. We know from 
(|84|) that the Cartan (isotropy) subgroup T = U(l) N ~ 1 stabilizes the vacuum vector 7 = Ws 
up to multiplicative phase factors to 13 (characters of T) . Actually, the explicit expression of the 
family of CS for 7 = Ws turns out to be: 

N-l 

[L g W s ](g') = Wsig- 1 • g') = W s (g') e - e ^'^ J] tf p , (91) 

/3=1 

where we define 

N-l , A / _x, 

8 s (f', = 25, In ' (92) 

an anti-holomorphic function of z' fulfilling cocycle properties (see bellow) and related to the so 
called "multipliers" (Radon-Nikodym derivative) in standard representation theory. 

Considering the flag manifold F = G/T and taking the Borel section a : F — > G, a(z,z) = 
(z, z, t = 1) = g (which appears implicitly in the factorization g = vt) we may define another 
family of covariant CS as 7 CT ( Zj 2) = £ CT (z,2)7 (classes of CS modulo T), which are usually referred 
to as the Gilmore-Perelomov CS. 

It is also known in the literature that the flag manifold F is a Kahler manifold, with local 
complex coordinates z a p,z a p (|71jl. an Hermitian Riemannian metric rj and a corresponding 
closed two- form (Kahler form) 0, 

ds 2 = Tf&'^dZapdXp,, Q = ir] a ^ u dz aP A dz^, (93) 

which can be obtained from the Kahler potential 

N-l 

Ks(z,z) = -^4Sphi\Ap(z,z)\ (94) 

/3=1 

through the formula T] afi ^ v = j^--J-K s . Notice that the Kahler potential K s essentially cor- 
responds to the natural logarithm of the squared vacuum modulus K$(z, z) = — In [Wg(z, z, t)\ 2 
in 1)82)1 . Actually, given the holomorphic action of G on F, 

(z\z r ) - g(z',z') = a-\g- 1 • (z',z',l)), geG, (z',z') e F, 

the transformation properties of Ks are inherited from those of Ws in (191)1 : 



K s (gz,gz) = K s (z,z) + Q s (z,g) + e s (z,g). (95) 

The function @s verifies the cocycle condition @s(z, g' •<?) = 85(52, g') + @s(z, g), which results 
from the group property g'(gz) = (</ • g)z. 

5.3 Operator symbols on flag manifolds 

Let us consider the finite left translation [L g i^ s ](g) = *ff s (g / ~ 1 *g) as a linear operator in 7is(G). 
The symbol [remember the definition 1)23)1] Lg,(g, h), g,g' ,h G G of the operator L g i representing 
the group element g' E G in Tts(G) can be written in terms of the reproducing kernel (|87|) as: 

L£G7,/0 = <5ff|^|5/i> = A s (g'~ 1 g, h). (96) 
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Knowing that right-invariant vector fields X R [defined in (|76|)] are the infinitesimal generators 
of finite left translations L g , one can easily compute the symbols X?(g, h) of the Lie-algebra Q 
generators Xj as: 

Xf(g,h) = {SglXjlSh) = Xf(g)A s (g,h) = K^g^A 3 (g, h). (97) 

From a quantum-mechanical perspective, the points g € G do not label distinct states \g) = 
L g \Q) because of the inherent phase freedom in quantum mechanics. Rather, the corresponding 
quantum state depends on its equivalence class (z, z) = gT modulo T. Let us consider then the 
new action of G on the anti-holomorphic part $(z) of *& s (g) in IjSflJI . Since the vacuum Ws is 
a fixed common factor of all the wave functions ty s = Ws& in (|8U|). we can factor it out and 
consider the restricted action L 3 = Wg l L g Ws on the arbitrary anti-holomorphic part &(z), 
thus resulting in: 

[Lf $p') = e-v^'^^g-'z'), g = (z,z,t) G G (98) 
(modulo T). The infinitesimal generators X? of this new restricted action can be written as: 

X? = S7j - 9f(z), (99) 

where 

Vj = xf(g){gz) a p\ g=eT ?-, 9^{z) = Xf(g)Q s (z,g)\ g=e . 

Denoting now (^|^) = $(f),($[f) = and Lg(z,z') = (z\Lg\z f ), the restriction of the 

symbols (|97p to the flag manifold F can be written in terms of the Kahler potential K$ and the 
cocycle Qs as follows: 

Xf{z,J) = Xf\g)L S g{z,z')\ g=e = VjK s (z,z') - Of{z). (100) 

The diagonal part X?(z, z) are called equivariant momentum maps. Using Lie equations for Vj 
and differential properties of the cocycle 9j, one can prove that momentum maps implement a 
realization of the Lie algebra Q of G in terms of Poisson brackets (|17|) . 

The correspondence between commutator © and Poisson bracket (|17|) does not hold in 
general for arbitrary elements like (|44[) in the universal enveloping algebra U{Q). As we stated 
in Equation (|24|) , the star commutator of symbols admits a power series expansion in the G-spin 
parameters Sr (being the Poisson bracket the leading term), so that star commutators converge 
to Poisson brackets for large quantum numbers S — > oo. 

We believe that higher-order terms in the Moyal commutators (|63|) give a "taste" of these 
higher order corrections to the Poisson bracket in the star commutator (|24|) of symbols, which 
actual expression seems hard to compute. 

6 Field Models on Flag Manifolds 

Before finishing, we would like to propose some interesting applications like diffeomorphism 
invariant field models, based on Yang-Mills theories, and non-linear sigma models on flag man- 
ifolds. 
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6.1 Volume-preserving diffeomorphisms and higher-extended objects 

We showed in Sec. I3.1l that the low-energy limit of the SU (oo) Yang-Mills action (|31|). described 
by space-constant (vacuum configurations) SU (oo) vector potentials X^(t; ip) = A^t, 0; <p), 
turns out to reproduce the dynamics of the relativistic spherical membrane ¥% = S 2 . This view 
can be straightforwardly extended to arbitrary flag manifolds Fjy-i = SU(N)/U(1) N ~ 1 just 
replacing the Poisson bracket on the sphere ()28|) by (|17|) . Actually, as it is done for SDiff(5' 2 ) 
gauge invariant Yang-Mills theories in ()31j) . an action functional for a SDiff(FTv-i) gauge invari- 
ant Yang-Mills theory in four dimensions could be written as: 



d 4 x(F„ 7 |F^>, 

F U1 = d u A^ - d 1 A v + {A v , A 7 } p , (101) 
A u (x;z,z) = A™ s (x)Li(z,z), v, 7 = 1, . . . , 4 , 

{S,m} 

where now (-|-) denotes the scalar product between tensor operator symbols on F^v-i, with 
integration measure (|18jl. which explicit expression is straightforwardly obtained from the left- 
invariant Haar measure (|83|) on the whole group G after inner derivation ix by left-invariant 
generators of toral (Cartan T) elements: 

N-l N-l 

d[i(z,z) = Y[ ix t L dL 9 = Y[ l A /3( z '^)| 4 A dZa P A d * a P' 

0=1 13 0=1 a>(3 

Hence, all (infinite) higher-G-spin 5 vector fields A™ s (x) on R 4 are combined into a single field 
A u (x; z, z) on the extended manifold R 4 x Fjv-i; that is, A™ s (x) can be considered as a particular 
"vibration mode of the N(N — l)-brane" Fjv-i- 

In the same way, a 2+1-dimensional Chern-Simons SDiff (Fjv_i)-invariant gauge theory can 
be formulated with action: 

S= f (A AdA + \{A, A} A A), A = A fl dx' 1 , (102) 

and equations of motion: F = 0. 

6.2 Nonlinear sigma models on flag manifolds 

Let us consider a matrix v G SU (N)/T (as a gauge group, i.e. as a map v : M D — ► SU(N)), which 
is a juxtaposition v = (v\, . . . , ujy) of the N orthonormal vectors v a in (|73|). The Maurer-Cartan 
form can be decomposed in diagonal and off-diagonal parts 

/ 4 

dvi, dv N ) = ^vl t dv a X aa + ^2v t a dvpX a p, (103) 



v 1 dv = irdv 



\ 4 



N 



where X a/ 3 are the step operators (J3J). The Lagrangian density for the non- linear sigma model 
(SM) on the coset (flag) G/T 

C-SM = ^tTG/Tiv^d^v^d^v) (104) 
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is written in terms of the off-diagonal parts as 

^M=2^(^,W 2 . (105) 

a</3 

The usual Lagrangian for the complex projective space CP^ -1 = SU(N)/(SU(N — 1) x U(l)) 

A^-i = 2^(^) -g^I q^T' Vapiv) = S c*i3 ~ VaPp, ^ • <p = 1 (106) 

can be also obtained as a particular case of (|1U5|) as follows. Unitary matrices u; on the coset 
CP N_1 are obtained from in (|70|) by considering the particular local complex parametriza- 
tion where z a p = 0, V/? > 2. Let us consider a new basis {J k , k = 1, . . . , N 2 — 1} of traceless 
hermitian matrices for the Lie algebra su(N), normalized as ti(J k J l ) = ^5ki- Let us use |0) for 
the Dirac notation for the vacuum vector Ws(g) = (Sg\0). In the fundamental representation 
(lowest S), and for the CP N ~ l case, the vacuum is given by the column N- vector 

|0) = ( 1, 0, )*. 

If we define by 

q k = (0\wJ k w^\0) = (wJ k w^) u 

the vacuum expectation value of the conjugated Lie algebra element wJ k w^ under the adjoint 
action of the group G, then the restriction 

N 

C cp n-i = -^(w^d^wpf 

of (|105j) to CP N ~ l could also be written as 

£ CP iv-i = -d^q ■ d^q, 

which coincides with (|l(J6jl when we identify (p a = w a % = z a i\Ai(z,z)\, Z\\ = 1. In particular, 
with this change of variable, one can see that the metric rj a p in H106|) coincides with 
for the restriction Ks 1 (z, z) = —AS\ In |Ai(z, z)\ of the Kahler potential to CP^ -1 . 



Conclusions and outlook 

We provided a general view of, what we agreed to call, "generalized Woo symmetries", from 
various perspectives and approaches. We started discussing the structure of these new infinite- 
dimensional W-like Lie algebras inside a group theoretical framework as algebras of U {N + , N- ) 
tensor operators. Inside this context, the (hard) problem of computing commutators of tensor 
operators has been rephrased in terms of (more easy) Moyal brackets of (polynomial) functions 
on the coalgebra u(N + , iV_)*, up to quotients by the ideals generated by null-type polynomials 
like (|. r )3j). That is, we have intended to recover quantum commutators from quantum (Moyal) 
deformations of classical (oscillator) brackets. Moyal bracket captures the essence of the full 
(quantum) algebra, and makes use of the standard oscillator realization of the basic u(N+, N-)- 
Lie algebra generators. The resulting infinite-dimensional generalized W-algebras can be seen 
as: 
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1. infinite continuations of the finite-dimensional symmetries u(N + , N-), or as 

2. higher- ?7(iV + , 7V_)-spin extensions of the diffeomorphism algebra diff(iV + , N-) of a N- 
dimensional manifold (e.g. a iV-torus). 

In order to justify the view of Woo(N + , N-) as a "higher-spin algebra" of U (N+,N-), we have 
computed higher-spin representations of U (N+ , N- ) (discrete series) , we have given explicit 
expressions for coherent states and we have derived Kahler structures on flag manifolds, which 
are essential ingredients to define operator symbols. 

These infinite-dimensional Lie algebras potentially provide a new arena for integrable field 
models in higher dimensions, of which we have briefly mentioned gauge dynamics of higher- 
extended objects and reminded non-linear SM on flag manifolds. An exhaustive study of central 
extensions of Woo(N+, N-) should give us an important new ingredient regarding the construc- 
tions of unitary irreducible representations and invariant geometric action functionals, just as 
central extensions of standard W and Virasoro algebras encode essential information. This 
should be our next step. 
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